Abstract. In this note we study the behavior of linear systems of P n through fat points with respect to a class of birational transformations. Moreover we describe a class of special systems.
Introduction
Let us take the projective space P n and let us consider the linear system of hypersurfaces of degree d having some points of fixed multiplicity. The virtual dimension of such systems is the dimension of the system of degree d polynomials minus the conditions imposed by the multiple points and the expected dimension is the maximum between the virtual one and −1. The systems whose dimension is bigger than the expected one are called special systems.
There exists a conjecture due to Harbourne [6] and Hirschowitz [8] , characterizing special linear systems on P 2 , which has been proved in some special cases (see [3, 4, 9, 10] ). On P n much less is known and the principal result is the classification of special systems through double points (see [1, 2] ). In this note we study the behavior of these systems with respect to a class of birational transformations. This allows us to decrease the degree and the multiplicities of a system in some cases. Moreover, as a consequence of the vanishing of a cohomology group, we are able to construct a class of special systems (Theorem 4.2). The paper is organized as follows: in the first section we recall some definitions and notations. In Section 2 we compute the dimension of linear systems through at most n+1 multiple points. Section 3 deals with a description of standard birational transformations of P n and their action on linear systems and curves. In Section 4 we construct a class of special systems which generalize the (−1)-special systems of P 2 and in the final section we give an application of the preceding technique to the case of a special linear system of P 4 through double points.
Preliminaries
We start by fixing some definitions and notations.
. . , m r ) we will denote the linear system associated to the sheaf O P n (d) ⊗ I Z , where Z = m i p i is a zero-dimensional scheme of fat points in general position. By abuse of notation we will use the same letter L to denote also the sheaf. From the cohomology exact sequence associated to
A non-empty linear system L is special if its expected dimension is strictly smaller than the effective one or, which is the same, if h 1 (L) = 0.
Let (X, π) be the blow-up of P n along {p 1 , . . . , p r }; by abuse of notation we will denote by L the linear system associated to L = dH − m i E i , where H is the pull-back of an hyperplane of P n and
. , E r and h, e 1 , . . . , e r be two bases for the Chow groups A 1 (X) and A n−1 (X) respectively, where h is the pull-back of a line and e i is the class of a line in E i . The intersection matrix, with respect to these two bases, is diagonal with the first element equal to 1 and the others equal to −1 (since E i e i = −1). Given a curve C ⊂ P n , we will denote by LC the intersection product of their strict transforms in X. We will write C ∈ ℓ n (δ; µ 1 , . . . , µ r ) to denote a curve of degree δ with multiplicity µ i at p i . In this way, the intersection is given by the formula
2. Linear systems of P n through at most n + 1 multiple points
In this section we compute the dimension of linear systems through n + 1 multiple points, which we can always assume to be the fundamental ones.
Proof. Let us consider the n + 1-dimensional simplex
corresponding to the exponents of the monomials of degree d in x 0 , . . . , x n . The set of monomials which generate L can be represented by the subset of ∆:
If we denote by
Since the dimension of L is the cardinality of T , by the inclusion-exclusion principle we have
integer points on its edges, where t
We conclude the proof by proving that t ′ i0,...,i k = t i0,...,i k . In order to simplify the notations we focus our attention on t 0,...,k . To compute how many times L 0,...,k is contained in the base locus of L is equivalent to compute the integer
Summing up the defining relations of the ∆ i 's we get the following inequality
By the preceding formula this is equivalent to say that t ′ 0,...,k = t 0,...,k .
Standard birational transformations and linear systems
Let us introduce now a class of birational transformations of P n that can be used in order to simplify some linear systems. Definition 3.1. The birational transformation associated to the linear system L n (n; (n − 1) n+1 ) is called a standard transformation.
The action of such transformations on the Picard group of X can be described in the following way:
Proof. Since ϕ is an isomorphism out from the base locus, we can reduce to the case r = n. Moreover we can suppose that the n + 1 multiple points are the fundamental ones. Then we have the following description of the transformation
Let us consider the set T defined in 2.1 and
This may be summarized by saying that ϕ * induces the map f (a 0 , . . . , a n ) = (d − a 0 − m 0 , . . . , d − a n − m n ) from Z n+1 to Z n+1 . We want to prove that f is a bijection between T and T ′ . First of all observe that if (a 0 , . . . , a n )
In the same way it is possible to prove that f (T ′ ) ⊆ T and, since f 2 = 1 Z n+1 , we get the thesis.
Observe that dim ϕ * L = dim L but in general the virtual dimensions of the two systems may be different.
Remark 3.3. We remark that if performing a standard transformation we get a multiplicity equal to 0, it means that we lose a multiple point. In particular it can happen that after some transformations we get a system having at most n + 1 points and hence, by Proposition 2.1 we can compute its dimension (which is equal to the dimension of the starting system).
Proposition 3.4. Let ϕ be as before and let C ⊂ P n be a curve that intersects only the 0-dimensional indeterminacy locus of ϕ. Then
Proof. The resolution of the indeterminacy of ϕ is given by:
) is the blowing-up along the strict transform of the i-dimensional skeleton of the fundamental simplex of P n andφ is an isomorphism. By definition the intersection LC is evaluated on X 0 and it remains constant along the sequence of blowing-ups σ i for i ≥ 1, since C does not intersect the i-dimensional skeleton of the fundamental simplex. The same is true for σ ′ i and this implies the thesis.
The preceding propositions imply the following Corollary 3.5. The action of a standard transformation on a system of curves ℓ = ℓ n (δ; µ 0 , . . . , µ r ), which do not contain any of the fundamental lines, is:
where
(the complete system of hyperplanes). By Proposition 3.4 we have L ′ ℓ ′ = Lℓ which gives
In the same way, considering the systems
If we substitute in the formula above the value of δ ′ that we found in 3.2 we get the thesis. 
Proof. It is enough to prove the isomorphism for a blowing-up f : Y −→ X along a smooth subvariety Z such that
we have to prove the isomorphism
where F = L ⊗ I Γ . Now observe that by the projection formula and f * O Y = O X (see [7] ), we have that
Moreover by the projection formula we also have that for a blowing-up R q f * f * F = 0 for each q ≥ 1 (see [7] ). Therefore
, and by equation 3.3 we get the thesis.
A class of special systems
As in the case of P 2 , if C is a "negative" curve such that LC ≤ −2 then we expect L to be special. This is actually true as it follows from Theorem 4.2.
Lemma 4.1. Let C 1 , . . . , C l ⊂ X be smooth rational curves such that N Ci|X ∼ = O ⊕n−1 P 1 (−1) for i = 1, . . . , l, and let L be a linear system such that
Proof. It is enough to consider the case in which we have only one curve C. Since C is Cohen-Macaulay, we have that I r C /I r+1 C ∼ = Sym r (N ∨ C|X ) for each r ≥ 1 (see [7] ). This gives the exact sequence 0
which is the fundamental sequence of C for r = 0. From L |C ∼ = O P 1 (−t) and Sym
, we obtain the sequence
Summing up over r we have
which proves the thesis since h i (L ⊗ I ) are preserved by standard transformations, so we can reduce to the case in which C = ℓ is the line through p 1 and p 2 and L = L n (d; m 1 , m 2 ) is a system with only two multiple points. We now argue by induction on n.
since this is a complete linear system through multiple points and d − t ≥ 0. In order to prove the inductive step, let us consider a hyperplane passing through p 1 and p 2 and let us denote by W the corresponding element of L n (1; 1
2 ) ⊗ I ℓ . From the exact sequence of W , for each 1
ℓ (this can be proved by blowing-up the points and the line and taking the restriction of the corresponding linear systems), its second cohomology group vanishes by the inductive hypothesis. Therefore
and we can proceed by induction on α until we obtain the system L n (d − t; m 1 − t, m 2 − t), whose h 2 vanishes.
An application
The system L = L 4 (3; 2 7 ) has virtual dimension −1 and it is classically known to be special (see [1] ). Moreover it contains only one element, namely the secant variety of the rational normal curve of P 4 , which is singular exactly along this curve (see [5] ). In this section, as an application of the preceding techniques, we give another proof of these facts. First of all let us consider the rational normal quartic C = ℓ 4 (4; 1 7 ) through the 7 base points. The curve C can be obtained from the line through two points by performing one standard transformation based on 5 points out from the line (see In this way we see that the system is special and it consists of exactly one hypersurface F . In order to describe the singular locus of F we remark that when we apply a standard transformation it can happen that either we add some multiple linear space (of dimension 1 or 2) to the base locus of a system or we transform a multiple subvariety in to another one. Let us analyze the sequence 5.1 in the reverse order. We start from L 4 (1; 1 4 ), which is a hyperplane passing through 4 fixed points, and we apply the first standard transformation obtaining L 4 (2; 1 5 , 2 2 ). This is a quadratic cone with vertex a line, and in particular the singular locus consists exactly of this double line. When we apply the second standard transformation the double line goes to the rational normal quartic and no multiple linear space is added to the singular locus.
